APPLIED MATHEMATICS 1
(CBCGS 2016)

Q1]a) If cosacosp = % , sinasinB = % , prove that - (3)

sec(a-ip) + sec(a-ip) = %

Solution:- cosacosp =§ and sinasinp =% ................... (given)
1
E _ 1 _ _cosacosiB+sinasinif 1 _ 2
sec(a-iB) cos (acif)  cosacoshBrisinasinhf x K iy R )
20i?.

oy _ 2

sec(a +iB) = — e (2)
X-iy
from (1) and (2)
sec(a-iB) + sec(a-iB-ip = 2_ + 2 = ;sz
X +iy X-iy X -y
T N 2 _ _o'z ,_907 . _
Q1Jb) If Z =log(e” + ¢ ) show that rt-s" = 0 where r=—=. t===- s=
X y
0’Z
0x dy
Solution - (3)
Z =loge* + €)
(1) 0z _ e 'z _ e'(e"+ ¢')-e*(eY) _ eee™
ax  (e'+€) ox’ (e"+ ')’ (e"+ ')’
9z e’
r= prl () S )




0z e 0’7 _ €'(e"+e’)-¢'(¢) e?+e”-e”

2) & = =5 = =

( ) ay (ex+ ey) ayZ (ex+ ey 2 (ex+ ey)z
9%z e

t = — = 2
ayz (ex+ ey)z ( )
oz _ € I /A

(3) ol e 5= o el Ky RO <))

From (1), (2) and (3) we get,

= ((ex+ ey)z )x ((ex+ ey)z ) = ((ex+ ey)z ) = ( (ex+ ey)z )
From (4) and (5) we get,
rt-s” = ( (ex+ ey)z) - ( (ex+ ey)z) = 0.

Hence proved rt-s’ =0

.(8)

Q1jc)Ifx=uv,y=""" . find (uv)
u-v a(xy)
Solution- 20WY) | %
axy) v, v,
x=uy, y= 2 . (given)
u-v
we knowthatJJ = 1 e (1)

ox  0x
oxy) _ % %] _|0u ov
ouv) |y, y| |9y 9y
du 0Jv
X - ) = e (2)
du
% - uv) =u (3

ov

3




dy  _ utv _ (u-v)-(u+v) _  -2v
u a(u-v) B O R Ok (4
ay o Gluwtv| o (uv)+(urv) o 2u
R O - “
From equation (2), (3), (4), (5) we get,
Q @ v u
du o0dv _ 2y 2 2uv Zuv. _ 4uv
dy dy @v? vy (u-v)? (u-v)? (u-v)*
du 0dv
From (1) we get,
JJ =1
4uv , _  4uv
JXW 7 .................. (/etJ - W)
Hence J = (4v)’
4uv
e = cots
2

Q1] d) If y =2"sin’xcosxfind y_

Solution - 2° = ¢ = ¢™ where a=log2

3

.2 -1 . . . . .
2sin“xcosx sin’ xcosx.sinx x2 sinx.sin2x 2sinx.sin2xXx _ cosxX co0S3x
2 2 2 2x2 4 4
) COSX C€O0S3X
~ sin” xcosx = ——-

4

ax ax
e cosx e cos3x

4 4
y, = Yar,e"cos (x+n(p1)- Yar e” cos (3x+n(p2)
y, = %r,2"cos (x+ng,) - r,2"cos (3x+ng,)

r,= [(log2)* +1 r,= ((log2)? + 3




Q1]e) Express the matrix as the sum of symmetric and skew symmetric

matrices.
Solution:--
1 0 5 3 1 -2
A= 2 1 6 1 AI=O 1
3 2 7 1 5 6
4 -4 2 0 3 1
1 0 5 3 1
1(A+A) 12 1 6 1] L1]0
2 213 2 7 1 2 |5
4 -4 2 0 3
1 0 5 3 1
1(A_Al) - l _2 1 6 1 _l O
2 213 2 7 1 2|5
4 -4 2 0 3
1 -1 4
-1 1 4
LetP= 1 (A+A) =
2 4 4 7
7/2 -3/2 3/2
1 -1 4 7/2
o -1 1 4  -3/2
4 4 7 3/2
7/2 -3/2 3/2 0

Hence P =P'’. Pis a symmetric matrix.

o 1 1
1,0 n 1 0 2

LetQ = = (A-A) =
Q=3 WA 1 2 0
1/2 -5/2 1/2

3 4

2 -4

7 2

10
2 3 4 1
1 2 -4 _ |1
6 7 2 4
1 1 0 7/2
-2 3% [ 0
1 2 -4 _ |1
6 7 2 -1
1 1 0 1/2

7/2

-3/2

3/2

0

-1/2

5/2

-1/2

0

1 4
1 4
4 7

-3/2 3/2
1 1
0o 2
2 0

5/2 1/2

7/2

-3/2

3/2

-1/2

5/2

-1/2
0

“)




o 1 1 -1/2
1 0 2 5/2
1 2 0 -1/2
1/2 -5/2 1/2 0

Hence Q = Q. Qis a skew symmetric matrix.

e (1+x)?
Q1] f) Evaluate lim oa(1r)
4

2 _ 2 2x 2
Solution - lim 1, & - (1+%)° - qim 1 & (1)
x—0 Xlog(1+X) X x—0 X.X
—
2x _ 2
= lim 1. w
x—0 X
Applying L-Hospital rule
2x _ 1 2% _ 0-
1im1_m - lim1 e -2 _ 4e-2 _ 4
x-0 2X x=0 2 7

Q2]a) Show that the roots of x’=1 can be written as 1,a',a°,o’,«" . hence show
that (7o' )( 1o*)(1<°)(1* ) = 5. (6)

Solution:- x> =1 =cos0 +isin0

~ x> = cos(2kn) + isin(2 km)

1
. x' = (cos (2km)+ isin(2 k)5 = cos% + isin%
Putting k =0,1,2,3,4 we get the five roots as
x, =cos0+isin0=1, X, = cosz—n+ isinz—1T , X, = cos4—ﬂ+ /'sin4—1T ,
5 5 5 5
_ 6T . . 6T _ 8mt . . . 8m
X, = COS—+ isin— , X, = COS— + isin—.
3 5 5 4 5 5




Putting  x, = cosz?n+ isinz?1T =a we see thatx, = o, X

. therootsare 1,a, o, o’, o« and hence
v x0T = (-T)(-a)(x-of )(x-o )(xa)

% = (e a)(x-d )(x-o )(xa')

L -a)(x-of )(x-o )(xo') =xtH AR+
Putting x=1, we get
(1- a)(1*)(1°)(1*) = 5

Q2Jb) Reduce the following matrix to its normal form and hence find its rank.

Solution:- (6)
3 -2 0 1
A=10 2 27
1 -2 -3 2
0 1 2 1
2R,-R, R, - R, R - R, R,- R,
1 2 6 -3 1 2 6 -3 1 0 4 -10 1 0 4 -10
02 2 7| s (022 7 _Jlo 2 2 7 =0 1 0 6
1 -2 -3 2 0 4 9 -5 0 4 9 -5 0 4 9 -5
0 1 2 1 01 2 1 01 2 1 012 1
R,- R, 4R, - R, R, + 2R, R,/(-9)
1 0 4 -10 1 0 4 -10 10 0 0 10 0 O
=0 1 0 6| _4J0 1 0 6| _y0 1 0 6|_J01 0 6
0 4 9 -5 0 0 -9 29 0 0 -9 29 0 0 1 -29/9
0 0 -2 5 0 0 -2 5 0 0 -2 5 00 2 5
2R, + R, 6C,- C, 29/9C, + C, R, /(-13/9)
100 0 100 O 100 O 10 0 0
010 6 ot o 0o o100 0| _Jo10 0
0 0 1 -29/9 foo o1 -29/9f " lo0 001 0| lo 01 0
0 0 0 -13/9 0 0 0 -13/9 0 0 0 -13/9 0 0 0 1




Hence the given matrix is converted to its normal form

Q2] ¢) Solve the following equation by Gauss-Seidel method up to four
iterations

4x-2y-z = 40, x-6y+2y =-28, x-2y+12z = -86.

Solution:- we first write the equation as

X = Y4 [40+2y+z] R ) |
y= %[28+x+22] .......................... 2)
z= %[-86-x+2y] e (3)

() FIRST ITERATION -
we start with the approximation y=0, z=0 and then we get from (1),
~x, = %(40) = 10

We use this approximation to find y i.e. put x=0, z=0 in (2)
ny, = %[28+10+2(0)] = 6.3333
We use these values of x and y, tofindz, ie. weputx=4,y=6.3333in(3),

w7 = %[-86-10+2(6.3333)] = -6.944

1

(ii) SECOND ITERATION -
We use latest values of y and z to find x i.e. we put y =6.3333,z =-6.9444 in (1)
~x, = 1%4[40+2(6.3333)-6.9444] = 17.4306

2

We use this approximation to find y i.e. put x=11.4306, z=-6.9444 in (2)
-1 -
ny, = g[28+11.4306+2(-6.9444)] = 4.2569

i.e. weputx =11.4306, y = 4.2569 in (3),

oz = %[-86-11.4306+2(4.2569)] = -7.4097

1

(i)  THIRD ITERATION -
We use latest values of y and z to find x i.e. we put y =4.2569, z =-7.40974 in (1)

@)




@ X, = %[40+2(4.2569)-7.4097] = 10.2760

We use this approximation to find y i.e. put x=10.2760, z =-7.4097 in (2)

~y, = %[28+10.2760+2(-7.4097)] = 3.9094

i.e. we putx =10.2760, y = 3.9094 in (3),

vz, = %[-86-10.2760+2(3.9094)] = -7.3714,

1

(iv)  FOURTH ITERATION:-
We use latest values of y and z to find x i.e. we put y =3.9094,z =-7.3714 in (1)
~ X, = %[40+2(3.9094)-7.3714] = 70.1118

2

We use this approximation to find y i.e. put x=10.1118,z=-7.3714 in (2)
_ 1 _
ny, = g[28+10.1118+2(-7.3714)] = 3.8948
ie.weputx=10.1118,y = 3.8448 in (3),

w7 = %[-86-10.1118+2(3.8948)] = -7.3602.

1

Hence, upto two places of decimals

x=1011, y=389 z=-7.36.

Q3] a) Investigate for what values of p and A the equations x+y+z =6, x +2y
+3z=10, x+2y+2z =n has

1) No solution

2) A unique solution

3) Infinite number of solutions. (6)
_ 1 1 1) 6
Solution:- we have |1 2 3||ly| = |10
1 2 Allz o

By R,-R, R,-R,

1 1 1]k 6
01 2|y =1 4
0 0 A-3llz u-10




The system has unique solution if the coefficient matrix is non-singular (or the
rank A, r= the number of unknowns, n =3).

This requires A-3 not equal to 0,
Hence A is not equal to 3.
Hence the system has unique solution.

If X =3 the coefficient matrix and the augmented matrix becomes

1 11 1 11 6
0 1 2fand |0 1 2 4
0 0 O 0 0 0 p-10

The rank of A = 2 the rank of [A,B] will be also 2 ifn = 10.

Thus if X =3 andu =10 the system is consistent. But the rank of A (= 2) is less
than the number of unknowns (=3). Hence the equation will posses infinite
solutions.

If A=3andu=#10 , the rank of A=2, and the rank of [A,B] = 3. They are not equal
and the equations will be inconsistent and will not posses any solution.

Q3b)If u= x*+y* +7z° where x= ¢', y= e'sint, z= e'cost

d
Prove that d_ltl = 4e”, (6)
Solution:-
@ = a—u % + a—u ﬂ + a—u %
dt oxdt dy dt 9z dt
a_u a_u = 2y , a—u = 22
ox ay 0z
% % = et(sint+cost) , % = et(-sint+cost)
@ = a—u % + a—u g + a—u %
dt oxdt dy dt 9z dt

2x(e") + 2y(e(sint+cost) ) + 2z(e'(-sint+cost) )
2x(x) + 2y(y+z) + 2z(z-y)

2x° + 2y° + 22" + 2xy - 2xy

=2x" + 2y° + 27

=2(X2+y2+Z2)




=x+y +72> = [(e) 9%+ (e'sint)* + (e'cost)’
= e+ eZt(sin2 t+cos’ t)
= e +e¥ = 2e"

Substituting value of u in equation (1)

Hence proved

Du _ 2t
at =4e".
x°  5x"
Q3Jc) i) Show that sin(e*-1) = x' iy 4)
X2 X3 X4
Solution :- We have sin(e*-1) = sin (1 Eaed ¢ Jacy BRREY )
X2 X3 X4
sine*-1) =sin(x +> + = +>— ...
(e-7) x+5+ 2t )
3 5
But sin6 = 6 _9 +e—
3! 5!
¥  x ,x 1 % :
2 osin(e™-1) =x+-+ = +— 4... —Z|x+T+. Fo.
2 6 24 6 2
X X X X X
=X+ + = + = - -+
2 6 24 6 4
x° 5x"
= X+—=-—
2 24

Q3Jc) i) Expand 25’ + 7x" + x- 6 in powers of (x-2)

Solution - Let f(x) = 2 + 7x* + x-6 and a=2

~ Fx) = 65" + 14x +1, f(x) = 12x +14, f(x) =12

+f(2)=45, f(2)=53 f(2)=38 ("2)=12

“4)




Now, f(x)=f(a) + f(x-a)f(a) + %f”(a} S SO

S ) =f2) + (2)F(2) + %f“(z) o

2 + 7%+ x-6 =45+ (x-2).53 + (x-2)*° + (x-2)32

Q4] a) If x = u+v+w, y = uv+vw+uw, z =uvw and ¢ is a function of x,y and z.

do Ao do de do do
Provethat x—* + 2y— + 32—+ = u—* + v—*- + w—- 6
0x 4 dy 0z du av ow ©
Solution:- o is a function of x,y and z and x,y,z are themselves functions of u,v,w.
L) d@ 0x + dg dy +6(p 0z _ 0@ (30} de
aot = ZEIR g ZE S 4P 2 = —£1+—* + 2P
Jdu 0x du dy ou 0z du 0x ¥ dy (vw) vw
And o a_(p@ + a_(pa_y +a_q)@
av d0x dv dy dov 0z ov
_ Oo¢ Jd¢ Jde
= —t1 +—* +—t,
0x dy (u+w) 0z o
And a_(p = a_q) % + a_(p ﬂ +a_(p ﬂ

ow Ox 0w  dy ow 0z dw

_ Og¢ ¢ ¢
= =1+ == +—,
0x dy (v+u) 0z B

Multiplying (1) by u, (2) by v, (3) by w and add

ua—(p + va—(p + wa—‘p = (u+v+w)a—‘p + [(uv+uw) + (vu+vw)+(wv + WU)]a—(p +3uvwa—(p
du oav ow 0x dy 0z

(u+v+w)a—(p + [2(uv+vw+uw)]a—(p + 3un22
0x dy 0z

do do do
X—rt + 2y—+ + 3z—~
0x yay 0z

" )(a—(p +2ya—(p _,_323_(P = ua—(p +va—(p +W6—(p
0x dy 0z du av ow

Q4] b) If tan(® + i) = tana + isecu

Prove that 1)e’* = cot% 2) 20 =m + g +a. (6)




Solution - tan(® + i) = tana + iseca ~ tan®-i@) = tana - iseca

. . tan (0+ig) +tan (0-ip)
. tan20 = tan|® + +©- =
[+ i)+ ®-i0)] 1-tan (8+ip)tan (6-ig)
_ tan (B+iseca) +tan (6-iseca) _ 2tana _ 2tana _
- . . - 2 2 - 2 'COt -
1-tan (B+iseca)tan (B-iseca) 1-(tan’a+sec’a)  -2tan’a

tan(g + a)

~20 = nm o+ g +a. (general value).

Again tan(2ip) = tan[® + i) - (0-ip)]

tan (0+iseca)-tan (6-iseca)
1+tan (B+iseca)tan (B-iseca)

~ ftanh2e = lee§a= icosa .~ tanh2¢ = cosa
2sec’a
1 1+ 1 2cos’ )
%~ 2¢ = tanh”(-1) (cosa(cosa =log cosd == ogcot—
2 1-cosa 2 2 a)
251n >

Q 4]c) Find the roots of the equation x* + x*-7x*-x + 5 = 0 which lies between
2 and 2.1 correct to 3 places of decimals using Regula Falsi method.

Solution:- (8)
Given that a=2 and b =2.1.
f2) = (2)*+(2)3-7(2)?-2+5 = -I.
f21) = (21)*+(2.1)2-7(2.1)%-(21) +5 = 0.739100.
- af(b)-bf(a) ~ _ _ 1 =
X, (b)) (2x0.73910—1))x(2.1)0.739100—1 2.05750. ... (1)
f((x,) = (2.05750)* + (2.05750)? - 7(2.05750)?- 2.05750 + 5
= -0.05973.
X, = afl x ) xf@) (2x(-0.05973)—1))x(2.05750)0.05973—1 = 2.067152
f( x,)-f()




f((x,) = (2.061152)" + (2.061152)*- 7(2.061152)?- 2.061152 + 5
= 0.005326.

o aflx)-xf)
P f(x,)f@)

= (2x(0.005326)—1))x(2.061152)0.005326—1 = 2.06082.
f((x,) = (2.06082)* + (2.06082)*- 7(2.06082)%- 2.06082 + 5
= -0.000582.

af( x,)- x,f(a)

= = (2x(-0.000582)—1))x(2.06082)0.000582—1 = 2.0608.
’ f( x,)-f(a)

Hence from (4) and (3) iteration we get that value of x is coinciding.

Therefore the final value of x is 2.0608.

Q5 a)If y =(x+Vx*-1)" , Prove that

-1y, + @ntl)y,,, + (O -mYy, =0 (6)
Solution:-

y =(x+Vx’-1)"

taking + sign before the radical

Ly, = m[(x+\/x2-1)m'1].[7+\/X)§_1]

= m V1)), \/x)é-l ) \/Tzﬂ

\/)(2-1.y1 = my

Differentiating again w.r.t x,
Vx*-1 Py =m
‘ yZ \/Xz'l yl yl

&-1)y, + xy, = m/x’-1.y, = mmy = my
&-1)y, + xy, -my’ =0
Hence after applying lebnitz’s theorem we get,

& -1y, + @n+l)xy . + @°-m’)y, =0




Q5]b) Using the encoding matrix [(1) ﬂ encode and decode the message

I*LOVE*MUMBAI.

Solution:-

ABCDEFGH I JK L MNOPQRSTUV WX
172 3 456 7 8 91011 12 13 14 1516 1718 19 20 21 22 23 24
* Y Z

27. 25 26

/| * L O V E * M UMBA/I *

9 27 12 1522 5 27 13 21 13 2 1 9 27

Encoding the message includes the following process.

[1 H 12 22 27 12 ]
27 13 13 1 27

9+27 12+15 2245 27+13 12+13 2+1 9427
5 13 13 1 27

_ |36 27 27 40 25 3 36
27 15 5 13 13 1 27

Hence the encoded message we get as,
36,27,27,15 27,540, 13 25,13 3, 1, 36, 27.

Now the process of decoding is as follows.

Inverse of [1 1] is [1 '1]
0 1 0 1

[ -1] [36 27 27 40 25 3 36
0 13 13 1 27

3627 2715 27-5 40-13 25-13 3-1 36-27
5 13 13 1 27




9 12 22 27 12 2 9
27 15 5 13 13 1 27

Hence the original message is obtained again after encoding and decoding.

Q5Jc) i) Considering only principal values separate into real and imaginary
parts

ilog (i+1]‘ (4)
Solution:- let 7 =iV « logZ = log(1+i).logi
But log(i+1) = logJ2 +itan™1 = log2 + ig and logi =i.3n
2 .
. logZ = (log2 + ig ). i.g = [%logZ + ig m)/2 = % + iglogZ = g8
e s’ where 0 = Elogz = e 8[cos + isinB]

2 2
T

. Realpartof Z = e®%cosb = e'BCos(%logz) ~nary partof Z = e'8sin(glog2)

Q5Jc) ii) Show that ilog(;:—;ii ) =1 - Ztan’ x “
..... a1l

and  log(x-i) =% logii(x*+1) — itan™ =
log(2) = log(x-i) - log(x+)

X+

=Zkan L = 2iE —tan"x )
X 2
log(X—_i_) =-j(m - 2tan” x )
X+1

g i/og(X—_i_) =(m-2tan" x) .
X+




Qé6Ja) Using De Moivre’s theorem prove that

cos’0 -sin°@ = 1—16(cos66+15c0529) (6)
Solution:- Let as above x = cos® +isind, then 1 - cose-ising
X

(2cosB )¢ = (X+1)6
X

=+t w15t L roo L 150 L rec L 4L
X X

X X X X
_ 6 5 2 1 1 1
=X+ 6+ 15K +20+ 155 +65 +~ e (1)
X X X
(2ising)* = (x - 1)°
X
=x =6+ 1520+ 155 =65 +1 o (2)
X X X
(25in0)° = x° + 6 — 158 +20 - 15% +6% -1
X X X

Subtracting (2) from (1),

2%(cos°0-sin%0) =" + 6 + 15¢ + 20+ 155 + 6% +L ]-
X X X
[X° + 65 = 15¢ +20 ~ 155 + 64 -2 ]
X X X
:2(X6+ l()) + 75(x2+ lz)
X X

= 20860 + 1500820 ... [ (X + 16) = cos60]
X
=~ 2% (cos’0-sin’®) = 2cos60 + 15c0528.

c0s’0 - sin®0 = %(cos69+15c0526)




1 1

Q6]b) If u=sin' "Xy, Prove that

XZ - yZ
0% d*u 0% tanu 2
2 +2 +y— = —t 13 6
o Voxay Y ay? 1ag (W + 13) ©
Solution:-

1 1

Z = sinu = \/(% = fu) = F(X\Y) say.

X2 - yE
Putting X =xt, Y =yt

1 1 1 1 1 1
T4y 03+ (vi)3 EVERNC SR _
Fixy) = VY =y 00y o o ar Yy o gy )

X2 - y? (x)2 - (yt)? X2 - y?

Thus Z = f(u) = sinu is a homogenous function of x, y of degrees 1/12

Hence, by the above corollary.

@00 4 g 08 T L g g))
ox” 0xdy ay*
_ f(u) _ -1 sinu _ -1
Where, = N—= = =— =gt
9w f'(u) 12 cosu  * i
g'u)-1 = %seczu -1 = %(1-tan2u) -1 = %tanzu -%
= L(tan’u +73)
12
L oWl -] = (Sptanu)((tan'u +13)
XZ@ + 2Xy 0'u + yzaz—u = —tanu(tanzu + 13)
ox’ oxdy ay” 144
Qé6]Jc) Find the maxima and minima of x’y*(1-x-y) (8)

Solution :- we have f(x) =x’y*(1-x-y)
Step 1-f_ = y'[3'(1-x-y)-x"] =y*(3x-4x>-3x"y)

= (3X2y2-4xgy2-3xzy3)




f = x"3 [2y(1-x-y)y(1-x-y)y"2] = X3(2y-2xy-3y2)

= (2yx3-2x4y-3x3y2)

f = 6y’x -12xy’-6x'y’

XX

f, = 6y'x -8y -9xy’

Xy

f 2% - 2x" - 6%

yy

Step 2:- we now solve for f, =0 ,f = 0

2 3yx0-4xy?-3xy’ =0 Qe y'x(3-4x-3y) =0
And2y'x’-2x'y'-3x°y" =0 e y'x’(2-2x-3y) =0
~x=0,y=0 and (3-4x-3y) =0, 2-2x-3y =0
Subtracting we get 1-2x =0

wX=% . 3y=34(1/2)=1 ;y:%

~ (0,0) and (1/2, 1/3) are stationary points.

Step 3- at x=0, y=0,r=0,s=0,t=0  ~rt-s°=0

At x=% ,y=1/3

r=f, = 5(1/2)(1/9)-12(1/4)(1/9)-6(1/2)(1/27))(1/27)%- %- % - -%

s=f, =6(1/4)(1/3)-8(1/8)(1/3)-9(1/4)(1/99) = ¥%-3- % = -

t=f, = 2(1/8)-2(1/16)-6(1/8)(1/3) e oo %= o

art- st =(-1/9)(-1/8) - (1/12)(1/12) =11 _ 1.
72 144 144

And r=-1/9<0 . f(xy)is a maxima

Maximum valve = £ 1111 - 1
89 23 432




